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An interesting interplay between self-duality, the Kodama (Chern-Simons) state and knot invari- 
ants is shown to emerge in the quantum theory of an Abelian gauge theory. More precisely, when 
a self-dual representation of the CCR is chosen, the corresponding vacuum in the Schrodinger rep- 
resentation is precisely given by the Kodama state. Several consequences of this construction are 
explored. 



^1" 

o 
o 

(N 

X> 

<D 

m 
> 

OS 

oo 

o 



O 



CD . 
43 ■ 



X 



PACS numbers: 03.70.+k, 04.62.+V 



I. INTRODUCTION 

In a quantum gauge theory in 3 + 1 dimensions, there is 
a natural background independent state that can be de- 
fined in the Schrodinger picture, namely, the exponential 
of the Chern-Simons form, 



* K [^4] = exp(S cs ) 



(1.1) 



where S cs = k ^{\A A &A + \A A A A A). This state is 
known in the (loop) quantum gravity community as the 
Kodama state, since it was first defined by Kodama in 
the context of mini-superspace cosmological models pj 
(although it was first introduced by Jackiw in the con- 
text of Yang-Mills theory jjj). This state has been ex- 
tensively studied by Smolin, who has argued that, in the 
case of A a self-dual connection, the Kodama state repre- 
sents a vacuum state centered around classical de Sitter 
space 0|- In a recent paper Witten has listed some of 
the features that make this state unsuitable as a realistic 
vacuum state in pure Yang-Mills theory Q . In particular 
it is known that negative helicity states have negative en- 
ergies (and norms). For an Abelian gauge theory, Witten 
has also constructed these states. More recently, Smolin 
and Freidel have argued that in gravity, the lessons from 
Yang-Mills theory do not necessarily apply: one has to 
consider the so called "reality conditions" [§j ■ In gravity 
with self-dual variables, this means choosing a physical 
inner product that renders the real observables Hermi- 
tian, and might solve the problem of non-normalizability 
of the state y|. 

On the other hand, there has been some interest in the 
quantum theory of the Maxwell field, for self-dual con- 
nections, both in a holomorphic representation and in 
the corresponding loop representation Q. In this later 
case it was found that the inner product for loop excita- 
tions was given by the Gauss linking number (of suitably 
smeared loops). The Linking number was also found to 



'Electronic address: corichi@nuclecu.unam.mx 
^Electronic address: cortez@nuclecu.unam. mx 



be prominent in the basic commutation relations (CCR) 
for (real) electric and magnetic fluxes y|. 

The purpose of this note is twofold. On the one hand, 
we would like to make precise the construction outlined 
in for Abelian fields, and to point to the interesting 
role that self-duality plays in the process. To be precise, 
we shall construct the Schrodinger representation for the 
CCR corresponding to a self-dual decomposition of the 
classical phase space, and find that the canonical vacuum 
state is given by the Kodama wave function. The decom- 
position leading to this state is metric-background inde- 
pendent and in a sense explains why the resulting quan- 
tum theory, with the Chern-Simons form as the vacuum 
state, is topological. This leads us to the second goal of 
this note, namely to make contact with the results found 
previously for self-dual fields [(JLilj an d for the commuta- 
tion relations @ , where simple link invariants were found 
to play key roles in the quantum theory. The interplay 
between self-duality, Chern-Simons and diffcomorphism 
invariance exhibited in this note allows us to put those 
previous results in a coherent picture. 

The structure of this paper is as follows. In Sec ITT1 we 
consider the self-dual decomposition of the phase space 
that leads to the corresponding (Fock) quantization. In 
Sec. IIIII we construct the corresponding Schrodinger rep- 
resentation, finding that the vacuum state is the Kodama 
wave function. We conclude this note in Sec. llVlwith a 
discussion. 

Throughout this paper, we shall consider c = 1, but 
will keep e and Ti dimension-full. 



II. SELF-DUAL QUANTIZATION 

Let us consider a U{1) gauge theory, that can be, for 
simplicity, thought to be the Maxwell theory. In the 
canonical approach the phase space T is described by 
the magnetic potential A a and the electric field E a , each 
point of T defined by a pair (A, E). For convenience, 
we introduce the electric vector potential V a such that 

E a = e abcy bVc 

field on a hypersurface S 



and B a = -^ij a 



bc Fbc is the magnetic 
Recall that the basic Poisson 
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Brackets are given by 

{A a (x),E b (y)}=4*S b a 8 a (x,y) (2.1) 

We are using Gauss system of units for which A a car- 
ries the dimensions of \J M/L and E a has dimensions 
of y/ M/L 3 . It is sometimes convenient to introduce 
smeared observables for the basic variables, 

A[f}:= [ d 3 xVhA a f a , E[g}:= f d s xVhE a g a 

(2.2) 

For these basic observables, the corresponding Canon- 
ical Commutation Relations (CCR) read, 

[A[f},E[g}]=4mh f d 3 xVhf a g a i (2.3) 

It is known that in field theory on any curved back- 
ground (including Minkowski), there is an infinite free- 
dom in the representation of the CCR, or as is normally 
known, the choice of vacuum state |9j- In Minkowski 
space-time, Poincare invariance selects the standard vac- 
uum, but in the absence of symmetries the choice is not 
so straightforward. 

In this note we will consider a particular representa- 
tion that is very natural from the geometric viewpoint, 
even when it is not physically acceptable. This is the 
representation induced by the Hodge-duality operator *. 
Recall that the ★-operator acts on the Faraday tensor F a b 
as *F a b = \ t a bcd.F cd . The relevant feature of the duality 
operator is that when squared it gives minus the identity: 
*{*F a b) = —F a i,. Therefore, the Hodge-* induces a com- 
plex structure J on the phase space [T(| . In terms of the 
canonical data, the complex structure takes the form, 



J- 



A a 
E h 



-V a 

B b 



One can also write it as the (matrix) operator, 

-l 



J = 





Vx 



-(Vx)- 




(2.4) 



(2.5) 



It is important to note that this self-dual decomposition 
of the phase space is completely background independent 
(or as sometimes is depicted, diffeomorphism invariant). 
This means that, given the manifold £ and initial data 
(A, E) on £ , the complex structure J provides a canon- 
ical decomposition, independently of the metric g a b on 
the space-time M and of the particular embedding of £ 
into M. In the standard Fock representation, the one 
particle Hilbert space TL is built by completing the phase 
space {A, E) with respect to the Hermitian inner product 
given by, 

(•'•>= ^(v)-^n( v ). (2.6) 

where the real inner product //( • , •) = d(J ■ , •) 0- Here 
yi( ■ , • ) is the naturally defined symplectic two- form 0, 
fll| . that for canonical data (A, E) reads, 



(l((A,E),(A',E')) 



[ Vhd 3 x(E a A' a -E' a A a ) 
is 



III. KODAMA STATE 

The corresponding Schrodinger representation can be 
easily obtained by a direct generalization of the result 
of Ref. 12] to the Maxwell field. Let us now summarize 
the main steps in the construction. The first step is to 
consider the generators of the Weyl algebra, 



W[l}:= exp 



(3.1) 



where 

(1(1, ■ ) - (l((-9a, A (A a ,E h )) = A[f] + E[g] (3.2) 

is a general linear observable labelled by the pair (—<?,/). 

The strategy in order to construct the Schrodinger rep- 
resentation is to employ a GNS construction for which an 
algebraic state ui is defined as, 



u>(W[l]) = exp 



(3.3) 



In the resulting quantum theory, the quantity w(VF[7]) 
corresponds to the vacuum expectation value of the Weyl 
generators (W[^])o ■ For details of the construction see 
|12|. and for a summary and some discussion see [l3| . 
In order to arrive at the quantum measure, one consid- 
ers the Weyl generators corresponding to configuration 
observables, in such a way that we have, 



exp 



= / djU exp 
'c 



-Af] 



(3.4) 

What is to say, that the Fourier transform %[/] of the 
measure d/i given by, 



takes the form 
XiAf] = ex P 



d/x exp 



-Af] 



f d 3 xVhr(e abc Vbr7 c 



(3.5) 



(3.6) 



Now, the general theory of measures 01 assures us that 
the corresponding measure takes the form, 



; 'd/x = exp 



^- I d 3 xVhe abc A a W b A c 



VA", 



But since J s d 3 x \fh e abc A a \7 b A c = \ J s A A dA, we have 



that, 



"d/x = exp 



8?r?i 



AAdA 



VA" 



(3.7) 



If we consider a homogeneous measure, then the vac- 
uum "absorbs" the measure and becomes non-trivial ^| . 
Thus we arrive at the vacuum state given by, 



V [A] = exp 



1 



AAdA 



(3.8) 
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which is the so-called Kodama state. Note that we have 
been working in the "kinematical phase space" , namely 
before imposing Gauss' law. However, the resulting 
representation is gauge invariant and naturally projects 
down to the reduced phase space. 

Let us now explore this representation a bit. The basic 
observables are represented as, 



and 



A[f]^[A} = (A[m[A] 



E[g] • * = -Unfi J d 3 xg a ( — * 



(3.9) 



(3.10) 



Now, the vacuum state satisfies the following self-duality 
property: 



(B a + iE a ) ■ V [A} 



B a +i 



5A a 



* L4] = 



(3.11) 

This is the expected behavior of the Kodama state. 
Furthermore, it is an eigenstate of the Hamiltonian with 
zero eigenvalue as expected 0. It is important to note 
that this self-dual property of the quantum vacuum state 
is satisfied for the Kodama state for real U(l) connections 
(as opposed to self-dual connections 0). 

Let us now consider Wilson loops functions h a [A] , la- 
belled by loops a, of the form 

h a [A] = exp U^j> A) (3-12) 

An obvious question one can ask is for the vacuum ex- 
pectation value of such operators, 



(h. 



VA exp 



A /\dA 



exp 



.4 



1 

87t?l y s j *" \ % 

(3-13) 

This question has been extensively discussed in the lit- 
erature (for a pedagogical account see [lra])- and it is 
agreed that, after a framing, the quantity coincides with 
the self-linking of a. If we now consider the "two loop 
function", (h a hp)o, one should expect that this quan- 
tity should also be a knot invariant, related to the Gauss 
Linking number of the loops a and (3 [lfij . We recover 
then the intriguing result that the inner product between 
loop states is a knot invariant, when using self-dual con- 
nections 0. That this quantum theory incorporates the 
linking number can be seen from the fact that the inner 

product between two 1-loop states A[a]|0) := (§ a A)\0) 
and A[/3]|0) := A)|0) is given by the \i inner product 
on Tt |15| . This quantity then takes the form, 

(A[a]A[f3}) = ^ n(F[a],F\0\) (3.14) 
= ^ J d^F [a ) a:)(e a6c V6)- 1 F c [ j 9,a:) 



where F a [a, x) = § a da a S 3 (a, x) is the form factor of the 
loop a, such that f„ d 3 x A a (x)F a [a,x) — § A. In Ref. 
it was shown that the Right Hand Side of Q3.14JI is 
indeed given by the Gauss linking number of a and (3. 
Thus, we get: 

(A[a]A[f3])o = ^G£(a,f3). (3.15) 

One could also consider the so called r-holonomies - 
namely suitably smeared holonomics — , as the relevant 
configuration observables ^tJ- O ne would then get, in- 
stead of (|3.15|) . properly generalized linking numbers as 
in 0. 



IV. DISCUSSION 

Let us summarize our construction. We started with a 
complex structure on phase space defined by the Hodge- 
dual on the space-time and, by means of a GNS construc- 
tion, ended with the vacuum state given by the Kodama 
State. From this perspective, it is clear why this state 
has several problems. To begin with, the duality complex 
structure J is not compatible with the symplectic struc- 
ture f2, which means that the corresponding one particle 
Hilbert space Ti. in the Fock construction has negative 
norm states. Furthermore, the operators that define the 
Fourier transform of the measure do not satisfy the pos- 
itivity requirements: the measure is non-Gaussian, and 
non-normalizable . 

Perhaps the most important question is whether these 
results on Abelian gauge theories can teach us something 
about the non- Abelian case, and in particular about grav- 
ity. Clearly we can say nothing about the issue of how 
a physical inner product on the space of solutions to the 
constraints might affect the normalizability of the state. 
However, we can still learn something from this simple 
model. What we have seen is that we do not need to 
introduce self-dual variables and complicated reality con- 
ditions in order to get a "self dual" representation and 
vacuum state ; our variables were always real. The self- 
duality in the resulting quantum theory came from the 
quantum representation, in this case due to the choice 
of complex structure on phase space. One might hope 
that this new perspective on the problem may shed some 
light in the goal of constructing physically relevant vac- 
uum states and representations for gravity, without the 
need to introduce self-dual complex connections. Note 
also that even when we have considered a pure Abelian 
gauge field, this construction can also be done for lin- 
earizations of Yang-Mills and gravity theories ■ 

Let us end with two remarks: 

1. In retrospect, one might argue that the fact that 
one recovers the results of is not entirely un- 
expected. After all, the Schrodinger representa- 
tion with a vertical polarization for the Hodge-dual 
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complex structure should be equivalent to a holo- 
morphic representation with the self-dual polariza- 
tion as in and Q. 

2. Nevertheless, it is interesting to see the non-trivial 
interplay between self-duality and diffeomorphism 
invariance that this model possesses. It has been 
known for some time that the symplectic structure 
f2( , ) that appears in the inner product 12.6J1 is dif- 
feomorphism invariant, a fact that is reflected in 
the Commutation Relations of the theory for the 
right kind of (electric and magnetic flux) variables 



. In this note we have seen that when the other 
part of Eq. 1)2.6(1 . namely the real inner product 
/i( , ), is also diffeomorphism invariant, then we re- 
cover a fully topological quantum theory, at least 
at the kinematical level. 
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